ABSTRACT
INTRODUCTION
Accident avoidance is the primary task of automotive active safety systems. During an imminent collision, when the driver's reaction time is rather limited, the full utilization of the vehicle's handling capability becomes critical. Only expert drivers are masters of controlling the vehicle at these extreme regimes. Incorporating expert driving skills in an active safety system is an important step forward in the technology of future accident avoidance systems. By fully utilizing the vehicle's handling capability one should be able to stop the vehicle faster or to move the vehicle away from a hazard, thus improving vehicle response to levels that are not possible by novice drivers.
Several contributions have been developed in the last years to improve vehicle control stability. Anti-lock braking systems (ABS) and traction control or acceleration slip regulation (ASR), are examples of the current state of technology. However, to the best of our knowledge, none of these works deals with expert driver-inspired vehicle active safety systems for vehicles in the limit of their handling conditions.
In this article, following our previous works [7, 9, 10] , we develop a hybrid model of a vehicle during "left foot braking" a specific driving technique used by rally drivers, which takes advantage of the load transfer effect from front to rear axles and vice versa, to control the friction forces at the front and rear wheels. Specifically, in this technique the driver applies braking and acceleration commands simultaneously in order to fine tune the total torque applied to the wheels.
We describe the system's behavior at two levels of abstraction (the wheels and the vehicle) through a finite number of discrete states and state transitions. We use a family of continuous models incorporating the load transfer effect, within the individual discrete states. Continuous control laws, based on the nonlinear output regulation theory and tracking a given friction force profile, are designed at the highest abstraction level, but implemented at the more accurate, lower wheel abstraction level.
PROBLEM FORMULATION Vehicle Model
We consider a vehicle in a straight driving condition as shown in Figure 1 . We assume that the vehicle lateral load transfer is zero and the road surface friction is evenly distributed on the right and left wheels. The four wheel vehicle can, then, be modeled through a two-wheel bicycle model as shown in angular velocities of the front and rear wheels, respectively. The equations of motion of the vehicle are [Nm] , produced by the braking system, on the front and rear wheels is given by [5] :
The disturbance due to the rolling wheel resistance is given by f d = c roll mg, where c roll is the rolling resistance coefficient and g [m/s 2 ] is the gravitational acceleration. Following [2, 6] , the longitudinal forces acting on the front and rear tires are given by
where µ F (λ F ) and µ R (λ R ) are the friction coefficients, while N F and N R are the normal loads on the front and rear wheels, respectively. Typically, µ F (λ F ) and µ R (λ R ) are nonlinear functions, depending on the slip ratios of the front and rear wheels λ F and λ R , respectively. Using the Bakker-Pacjeka model [1] , we may assume that the friction coefficients depend on the slip ratios as follows
where B * , C * , and D * are parameters fitting experimental data. For notational convenience, the argument in µ F and µ R will be dropped in the sequel. The normal loads N F and N R satisfy the following relations given by L = l F + l R . As described in the next section, the vehicle has an intrinsic hybrid nature that leads to a hybrid model abstraction.
Hybrid Vehicle Model with Load Transfer
In this section, we use the formalism of hybrid systems [8] to model the longitudinal vehicle dynamics of a FWD vehicle, including the effect of longitudinal load transfer. We propose two different abstraction levels for the hybrid system modeling a FWD vehicle: the Vehicle-level Hybrid System (VHS) and the Wheel-level Hybrid System (WHS), as depicted in Figure 2 . The difference between the two levels stems from the effects of the time delay between the driver's command (accelerate or brake) and the reactions of the wheels in the model description. For convenience of notation, in Figure 2 we denote with the superscript V the elements related to the VHS model abstraction and with superscript W the elements related to the WHS model abstraction. We will use the VHS model for designing the controller and the WHS for evaluating the efficiency of the designed hybrid controller. Both the abstraction levels are described using the following definitions of the wheels' and vehicle's operating conditions. Definition 1: Wheel Modes. Given the wheels' slip ratios for a FWD vehicle [2] : 
where
Deriving and rearranging terms in (6) and using (1), and after denoting with x = (v, λ F , λ R ) T the state of the vehicle in slip ratio variables, one obtains five dynamic systems, given bẏ
, which model the longitudinal vehicle behavior at the wheel level, as follows:
Vehicle braking mode ( f b tot < 0) with wheels in wheel driving/braking mode (λ d F ≥ 0 and λ b R < 0):
tot < 0) with wheels in wheel braking/braking mode (λ b F < 0 and λ b R < 0): 
. At this level, we assumed that both engine and brake torques do not have an immediate effect on the wheels, but there is a time delay between the driver's command (accelerating or braking) and the effective reactions on the wheels. Using the notation described in [8] , each of these five models corresponds to a dis- Figure 2 .
At the VHS level, we assume that the time delay between the driver's command to accelerate (brake) and the reactions of the wheels (front and rear) is zero. This allows a description at a higher level of abstraction of the vehicle through two models, each corresponding to a state q V ∈ Q V = {q V 1 , q V 2 } of a finite state automaton as depicted at the top of Figure 2 : one for the vehicle driving mode (q V 1 ) and one for the vehicle braking mode (q V 2 ). The transitions among these models, depending on the value of the system state described by (9) and (12) 
Control Problem Formulation
In this section we formulate the control problem for the vehicle-level hybrid system ((9), (12)) to determine a hybrid controller such that the vehicle accelerates or brakes following a prescribed reference friction force f ref tot (t), while the (known) disturbances are rejected. This problem can be solved using the nonlinear output regulation theory [4] , where the reference and the disturbance are produced by an autonomous dynamic system, called the "exosystem," given by (w) the reference friction force of the front and rear wheel for braking, respectively, we define the reference trajectories as a combination of sinusoidal signals: 
After setting e d = e d F and e b = (e b F , e b R ) T , the output error equations for the vehicle driving mode and the vehicle braking mode are:
The control problem is then formulated as follows. Given the high-level hybrid system model of the longitudinal vehicle dynamics (top of Figure 2 ) of the forṁ
with its invariants I V 1 and I V 2 , respectively, as reported in Figure 2 , and with nominal values of their linear parts around the equilibrium point (x 0 , 0, 0) 
where 
are satisfied for all w ∈ W o and for all admissible values of the parameters of the plant and the exosystem.
CONTROL LAW DESIGN
We design the hybrid regulator for the tracking of the traction friction forces of a longitudinal vehicle model in its hybrid formulation (Figure 2 ) using the nonlinear output regulation [4] .
Driving Regulator
Braking Regulator Figure 3 . HYBRID REGULATOR SCHEME OF LONGITUDINAL VEHI-CLE DYNAMICS WITH LOAD TRANSFER EFFECTS.
Vehicle Driving Regulator
We solve the regulator equation (22) for the vehicle driving mode. 
and
From the last equation of (22), one obtains
, and after substituting this together with (15), (16), (23b), (24b) in the first equation of (22), one obtains
By inversion of (23d), one obtains
after combining (24a) and (24b). Given the previous expressions of
From the second equation of (22), one gets the steady-state control input c u d F (control input of front wheel):
and ρ d F = −ω e a 1 (mgl R + ha 4 w 4 )w 2 . Finally, the steady-state solution and the feedback control law for the vehicle driving mode are 
(30) The terms of (30) are defined as
Analogously to the vehicle driving mode, we find the solution of (30), given by
, and
6 where . Following Section IV, the controller is designed, for each operating condition, on the basis of the vehicle model described by the VHS ((9), (12)), and the simulations are performed on the full nonlinear vehicle model described by the WHS ((9)-(13)). In this way, we obtain the regulation for the regulation error e(t), by the following suitable choice of the control parameters: 
